The values of the Milnor genus on smooth projective connected complex varieties  by Johnston, Bryan
Topology and its Applications 138 (2004) 189–206
www.elsevier.com/locate/topol
The values of the Milnor genus on smooth projective
connected complex varieties
Bryan Johnston 1
21813 Rosedale St., Saint Clair Shores, MI 48080, USA
Received 20 May 2003; received in revised form 24 August 2003
Abstract
We compute the values of the Milnor genus on smooth complex projective varieties. In the process
we show that an explicitly constructed set of such varieties forms a set of polynomial generators of
the complex cobordism ring π∗(MU).
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1. Introduction
In this paper we characterize the values that the Milnor genus may attain on smooth
projective complex varieties. This addresses a question asked by Hirzebruch in [4] 40 years
ago: Which complex cobordism classes are represented by smooth projective varieties?
(By variety we mean a reduced irreducible scheme over Spec(C) of finite type; hence, in
particular, they are connected spaces in the analytic topology.)
Complex cobordism is the cobordism ring of stable almost complex manifolds, i.e.,
manifolds which have a complex structure on their stable normal bundle. This ring was
analyzed by Milnor and found to be the polynomial ring
C-cobordism= π∗(MU)= Z[x1, x2, x3, . . .]
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where the real dimension of the cobordism class represented by xi is 2i . The generators xi
are unique up to sign and modulo decomposables in the ring.
Almost complex manifolds are more general than complex manifolds, and in fact may
even have odd real dimension. It is well known that every complex cobordism class is
represented by a complex manifold, in fact a disjoint union of smooth complex projective
varieties (see [13, p. 130]). (Thus Milnor’s theorem shows that all odd dimensional almost
complex manifolds cobord to zero.)
Let X be a complex manifold, and τX its tangent bundle. Recall that the Chern character
of τX is
ch(τX)=
∞∑
i=0
si(τX)
i! .
We call si(τX) the ith Newton class for the bundle τX (this name was suggested by Fulton;
in [8] they are referred to as s-classes).
Recall that the Milnor genus sn(X) for an n-dimensional complex manifold is defined
to be the number〈
sn(τX),µX
〉
where µX is the canonical homology class (obtained from the canonical orientation of a
complex manifold) in H2n(X,Z).
Our main result is:
Theorem 1.1. The set of values of the Milnor genus of an n-dimensional variety is:
(a) all even numbers  2 for n= 1;
(b) all integers divisible by p if n= pk − 1, p prime and n = 1;
(c) Z else.
In particular, this gives a set of polynomial generators for complex cobordism by the
following theorem:
Theorem 1.2 (Novikov [13, p. 129]). A sequence (X1,X2, . . .) of almost complex
manifolds represents a system of polynomial generators (x1, x2, . . .) for π∗(MU) if and
only if
sn(Xn)=
〈
sn(τXn),µXn
〉
=
{
±p if n= pk − 1 for some prime p,
±1 otherwise.
Thus we have as a corollary:
Corollary 1.3. There exists a sequence of explicitly constructed smooth projective varieties
(X1,X2, . . .) over C satisfying the hypotheses of the previous theorem, i.e.,
π∗(MU)= Z[X1,X2, . . .].
B. Johnston / Topology and its Applications 138 (2004) 189–206 191
One aspect of this result is that we obtain explicit generators for π∗(MU). This is
in some sense a complex analogue of previously known results about the unoriented
cobordism ring; see, for example, Gschnitzer [2], Shibata [12] and Royster [11]. For other
work on generators for π∗(MU), see [9,10,14].
Let m be any integer. Our construction will start with the simple but useful observation
that blowing-up (see [3]) a point in a smooth projective n-dimensional variety X results in
decreasing the Milnor genus sn[X] by n+1 or n−1, as n is even or odd, respectively. This
applies to our problem as follows. Suppose n is of the form pk − 1 for an odd prime p and
we can find a smooth irreducible projective n-dimensional variety X with sn(X) positive,
greater than mp and congruent to mp mod n+1. We could then blow-up a finite number of
points in order to reduce sn(X) to exactlymp. The general idea, then, will be to begin with a
well-chosen variety X, and then perform a sequence of blow-ups along certain subvarieties
in order to alter sn(X) so that it eventually equals mp when n = pk − 1 or m, depending
on the dimension in question.
The easiest case will be when n = 1. We recall that s1(τX) = c1(τX), which in this
dimension is the Euler class of the tangent bundle of X, so that the Milnor genus equals the
Euler number of X. Since all one-dimensional smooth, projective varieties are Riemann
surfaces, it follows that the Milnor genus may be any even number at most two.
Next, let n = 2k − 1 and not equal to 3, and m be any even integer. We begin with
X =CPn, which has an even Milnor genus. By blowing-up along certain subvarieties, we
may decrease the Milnor genus by 2 modulo n− 1. We may iterate this, and since n− 1 is
even, we may make the Milnor genus equal to any even number modulo n−1. We will then
iterate a “two-step” blow-up procedure, which will not change the Milnor genus modulo
n− 1, but will increase it so that it is greater than m. By blowing-up along points, we bring
the Milnor genus down to exactly m.
The next case will be when n= pk − 1 for an odd prime. In this case we will start with
a hypersurface H of degree mp. It turns out that sn(H) equals mp modulo n+ 1, though
it will be negative. Bertini’s theorem and the Lefschetz hyperplane section theorem will
provide us with two good classes of subvarieties. Blowing-up along these subvarieties will
have no effect on sn(X) modulo n+ 1, and we will see that we can always blow-up along
such a subvariety so that sn(X) increases. Blowing-up points will finish the job.
The case where n is an odd number not of the form 2k−1, and not equal to 5, is slightly
more complicated. There are two subcases here. If our goal is to obtain an even Milnor
genus, we will proceed as in the case n= 2k − 1. If we want to obtain an odd number m as
a Milnor genus, we proceed differently. In this case essentially we will be working modulo
n− 1 which is even, and so we will start with a variety X such that sn(X) is odd. We will
then find a “two-step” blow-up procedure that decreases sn(X) by 2 modulo n− 1, so that
we have sn(X) equal to m modulo n− 1. Then as before we can blow-up to ensure that
sn(X) is positive. Blowing-up points will bring sn(X) down to exactly m.
The final case is the case when the degree n is a generic even number. Let m be any
integer. Here we will use blow-ups and the Chinese Remainder Theorem to modify sn(X)
at each of the prime powers dividing n+ 1 separately to achieve sn(X)≡m mod (n+ 1)
and then proceed as in the case n= pk − 1 to make it equal to exactly m.
The exceptional cases when n= 3 or n= 5 will be handled separately.
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The paper is organized as follows. Section 2 develops topological methods to determine
the effect on sn(X) of blowing-up. Section 3 begins with numerical results about certain
types of blow-ups, and then applies these to the case n= pk − 1, with p odd. Sections 4
and 5 cover the odd cases and the generic even case, respectively. Section 6 deals with the
two exceptional cases when n= 3 and n= 5.
2. Preliminaries
The goal of this section is to prove Lemma 2.4. We wish to point out ahead of time that
this lemma is a variation of a classical result of Porteus (see [5, p. 176]). We reprove the
result from a purely topological point of view.
It will be convenient to consider Newton classes to be defined on elements of K(X)=
K0(X), where K∗(−) is ordinary complex K-theory. Any x ∈ K(X) may be written as
ξ − ν and two bundles are equal in K(X) exactly if they are stably equivalent. It is shown
in [8] that the Newton classes si are additive so that
si (ξ ⊕ ν)= si (ξ)+ si(ν).
This means that if x = ξ − ν is a virtual bundle, we have a well-defined operation
si (x)= si (ξ)− si(ν).
The Chern character is a ring homomorphism, so we see that
∞∑
i=0
si (ξν)
i! = ch(ξν)= ch(ξ) ch(ν)=
{ ∞∑
i=0
si (ξ)
i!
}{ ∞∑
i=0
si (ν)
i!
}
.
Hence, whenever x and y are virtual bundles over X and H ∗(X,Z) is torsion free, we have
the multiplicative identity
sk(xy)=
k∑
i=0
(
k
i
)
si (x)sk−i (y), for x, y ∈K(X). (2.1)
Since H ∗(BU(n),Z) is torsion free, the multiplicativity identity (2.1) holds for all virtual
bundles over all manifolds X by naturality.
Now let X be a smooth variety, and Y a smooth subvariety of X with normal bundle ν.
Let P(ν) denote the total space of the projective bundle associated to ν. Recall that there
is a canonical line bundle ξ1 defined over P(ν) with total space consisting of pairs
(line  in a fiber of ν, point in ).
Letting p :P(ν)→ Y denote the projection map, we see that ξ1 is a subbundle of p∗(ν).
Let ξ¯ denote the dual of ξ . We have an isomorphism of bundles over P(ν).
Lemma 2.1. τP(ν)⊕ 1= p∗(τY )⊕ ξ ⊗ p∗(ν).
Proof. See [8]. ✷
Recall that if Y ⊂X with normal bundle ν then the blow-upBYX is formed by replacing
each point in y ∈ Y with the projective space associated to the fiber over y of the normal
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bundle of Y in X (see [3]). In other words, the exceptional fiber of p :BYX→X is P(ν).
Also, the normal bundle of P(ν) in BYX is ξ . Thus
(τBYX)|P(ν) = τP(ν)⊕ ξ. (2.2)
The following lemma examines how the tangent bundle of a smooth variety and a blow-
up differ over the exceptional fiber.
Lemma 2.2. (τBYX)|P(ν)− (τX)|P(ν) = ((ξ¯ − 1)p∗(ν)+ ξ − 1)|P(ν).
Proof.
τBYX + 1− τX = (τP (ν) + ξ + 1)− (τY + ν)
= (τY + ξ¯ ν + ξ)− (τY + ν) by Lemma 2.2
= (ξ¯ − 1)ν + ξ. ✷
Since BYX and X are identical off of P(ν) we have two parts of τBYX , which are glued
together over P(ν). Unfortunately, Newton classes are not well-behaved with respect to
the “gluing” operation on bundles, and in order to analyze sn(X)− sn(BYX) we will make
use of the structure of the integral cohomology of P(ξ ⊕ 1).
Let D(ξ) and S(ξ) denote the total spaces of the unit disk and sphere bundles associated
with the vector bundle
ξ → P(ν).
The total space of ξ is equal to a tubular neighborhood of P(ν) in BYX, and so D(ξ) and
S(ξ) have a natural embedding in BYX. Since in K(S(ξ)) we have
τBYX − p∗(τX)= 0,
it follows from the long exact sequence in K-theory that τBYX −p∗(τX) is the pullback of
some element Λ˜ in K(D(ξ), S(ξ))= K˜(T (ξ)), where
T (ξ)=D(ξ)/S(ξ)
is the Thom space of ξ .
We will pick a particular such element Λ˜, and then use it to manufacture an element Λ
which may be thought of roughly as the “difference” bundle of τBYX and τX .
Recall that the Thom class λ ∈ K˜(T (ξ)) restricts to
1− ξ ∈K(P(ν))
(see [1]) and so we see that Λ˜= λ(ξ¯p∗(ν)+ 1) pulls back to(
ξ¯ − 1)p∗(ν)+ ξ − 1= τBYX − τX ∈K(P(ν))
by Lemma 2.2. The collapsing map
P(ξ ⊕ 1)→ P(ξ ⊕ 1)/P (ξ)= T (ξ)
pulls Λ˜ back to an element of K˜(P (ξ ⊕1)). Note that P(ν) corresponds to the zero section
of P(ξ ⊕ 1) in this construction.
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Definition 2.3. Let Λ denote the element of K˜(P (ξ ⊕ 1)) constructed above.Lemma 2.4 [5]. Let X be a smooth algebraic variety of complex dimension n, and Y a
smooth subvariety of X. Then
sn(BYX)− sn(X)=
〈
sn(Λ),µP(ξ⊕1)
〉
.
Proof. The Newton classes are natural transformations from K-theory to integral
cohomology, so the diagram
P(ξ ⊕ 1) π1 T (ξ) BYXπ2 p X
induces a commutative diagram
K(P(ξ ⊕ 1))
sn
K(T (ξ))
sn
K(BYX)
sn
K(X)
sn
H 2n(P (ξ ⊕ 1)) H 2n(T (ξ)) H 2n(BYX) H 2n(X)
Using the long exact sequences in homology and cohomology for the pairs (P (ξ ⊕ 1),
P (ξ)) and (D(ξ), S(ξ)), as well as an excision isomorphism induced by(
D(ξ), S(ξ)
) (
BYX,BYX \ P(ν)
)
we have〈
sn(Λ),µP(ξ⊕1)
〉= 〈π∗1 (sn(Λ̂ )),µP(ξ⊕1)〉
= 〈sn(Λ̂ ),µT (ξ)〉
= 〈sn(Λ̂ ),π2∗(µBYX)〉
= 〈sn(τBYX − p∗(τX)),µBYX〉
= sn(BYX)−
〈
p∗
(
sn(τX)
)
,µBYX
〉
= sn(BYX)−
〈
sn(τX),µX
〉
= sn(BYX)− sn(X). ✷
Now that we know in what sense Λ measures the difference of τBYX and τX , we wish to
have a formula for Λ so that we may compute sn(Λ). We fix once and for all the following
notational conventions:
Notation. ν will be the normal bundle of a variety in an ambient variety, ξ will be the
canonical line bundle over P(ν), and ψ will be the canonical line bundle over P(ξ ⊕ 1).
γ will represent the canonical line bundle over a copy of complex projective space.
“Pullback” notation will be omitted wherever there is no danger of ambiguity.
The formula we want is
Lemma 2.5. Λ= (ξ¯ψ − 1)ν −ψ + ξ in K(P(ξ ⊕ 1)).
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Proof. Λ was defined to be the pullback to K(P(ξ ⊕ 1)) of Λ˜ = λ(ξ¯ν − 1). Using
the fact that the Thom class λ ∈ K˜(T (ξ)) restricts to ψ − ξ ∈ K(P(ξ ⊕ 1)), we have
Λ= (ψ − ξ)(ξ¯ ν − 1). The conclusion follows. ✷
3. Beginning the computations
We begin this section by recalling the following classical lemma concerning the
cohomology of a projective bundle:
Lemma 3.1. Let X be a smooth projective variety, and Y a smooth subvariety of
codimension m, such that the normal bundle ν splits as a sum of complex line bundles
Li, 1 i m. Then in H 2m(P (ν)), we have
m∏
i=1
(
c1
(
ξ¯
)+ c1(Li))= 0. (3.1)
Also, in H 4(P (ξ ⊕ 1)), we have
c1
(
ψ¯
)(
c1
(
ψ¯
)+ c1(ξ))= 0. (3.2)
Remark. If X has dimension n, then using the above relations we see that
sn
(
ξψ¯
)= c1(ξψ¯)n
= (c1(ξ)+ c1(ψ¯))n
= c1(ξ)n−1
(
c1(ξ)+ c1
(
ψ¯
))
= c1(ξ)nc1(ξ)− c1(ψ)c1(ξ)n−1
= sn(ξ)− c1(ψ)n
= sn(ξ)− sn(ψ)
=−sn(ψ − ξ).
Thus when computing sn(BYX) we may use Λ = (ξ¯ψ − 1)ν + ξψ¯ − 1 instead of
Λ= (ξ¯ψ − 1)ν −ψ + ξ . We will do so, for purely aesthetic reasons.
Now we have all the tools we need to start doing the calculations. The computations are
rather involved, so the general method will be explained first.
Using the formula for Λ and the product formula (2.1) for Newton classes, we will
obtain
sn(Λ)=
n∑
i=0
(
n
i
)
sn−i
(
ψξ¯
)
si (ν)+ sn
(
ψ¯ξ
)
where ν is the normal bundle of the subvariety. Next we use the relations in Lemma 3.1 to
reduce to
sn(Λ)=Ac1
(
ψ¯
)
c1
(
ξ¯
)n−m−1
α, A ∈ Z,
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where α is an element (not necessarily the generator) of the top cohomology of the
subvariety, and dim(Y )=m. This is then evaluated on the top homology to get a number.
We now compute A for a class of blow-ups that will be of use to us later.
Lemma 3.2. Let X be an n-dimensional smooth projective variety, and let a smooth
subvariety Y have normal bundle
ν = Ld1 ⊕Ld2 ⊕ · · · ⊕Ldk
where L is a line bundle over Y . Then
sn(Λ)=−
{[
zn−k
]{∑k
i=1(1+ diz)n∏k
i=1(1+ diz)
}
− (−1)n[zn−k] 1∏k
i=1(1+ diz)
}
c1
(
ψ¯
)
c1
(
ξ¯
)k−1
c1(L)
n−k
where [zj ] denotes the coefficient of zj in the series expansion.
Remark. One can easily obtain a stronger result handling the case when the normal bundle
ν does not split. For this, see [7].
Proof. Suppose that
ν = Ld1 ⊕ · · · ⊕Ldk
is a sum of powers of a single line bundle (as is the case, for example, when Y is a complete
intersection of hypersurfaces in projective space.) Then in the above notation, we write
Λ= (ξ¯ψ − 1)ν + ξψ¯ − 1
= (ψξ¯)ν + ψ¯ξ − (ν + 1)
and thus
snΛ= sn
[
ψξ¯ν + ψ¯ξ]− sn[ν + 1]
= sn
[
ψξ¯ν + ψ¯ξ] since dimY < n
= sn
[
ψξ¯ν
]+ sn[ψ¯ξ]
=
n∑
i=0
(
n
i
)
sn−i
[
ψξ¯
]
siν + sn
[
ψ¯ξ
]
=
n∑
i=0
(
n
i
)(
CP∞1 (ψ)+ c1
(
ξ¯
))n−i[
di1 + · · · + dik
](
c1(L)
)i
+ (c1(ψ¯)+ c1(ξ))n
=
n−k∑
i=0
(
n
i
)
CP∞1 (ψ)c1
(
ξ¯
)n−i−1[
di1 + · · · + dik
](
c1(L)
)i
+ c1
(
ψ¯
)
c1(ξ)
n−1 (dimY < n)
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{n−k∑(n) ( ) ( )n−i−1[ i i]( )i=−
i=0 i
c1 ψ¯ c1 ξ¯ d1 + · · · + dk c1(L)
+ (−1)nc1
(
ψ¯
)
c1
(
ξ¯
)n−1}
.
We have the relation
k∏
i=1
(
c1
(
ξ¯
)+ dic1(L))= 0,
which leads to a linear recursion
c1
(
ξ¯
)k + σ1c1(ξ¯)k−1c1(L)+ · · · + σk(c1(L))k
where σi is the ith elementary symmetric polynomial in the di . Using this, we may write
c1
(
ξ¯
)l
c1(L)
n−l−1 = Clc1
(
ξ¯
)k−1
c1(L)
n−k, Cl ∈ Z,
where Cl satisfies the linear recursion
Cl =
{−(σ1Cl−1 + σ2Cl−2 + · · · + σkCl−k) if l  k,
1 if l = k − 1,
0 if 0 l < k − 1.
Elementary combinatorics yields a generating function for Cl :
C(z)= z
k−1∏k
i=1(1+ diz)
.
In general, we may then determine Cl = [zl]C(z) and substitute it into the formula for snΛ
to obtain
snΛ=−
{
n−k∑
i=0
(
n
i
)
c1
(
ψ¯
)
Cn−i−1
[
di1 + · · · + dik
]
c1
(
ξ¯
)
c1(L)
n−k
+ (−1)nc1
(
ψ¯
)
Cn−1c1
(
ξ¯
)
c1(L)
n−k
}
=−
{
n−k∑
i=0
(
n
i
)
Cn−i−1
[
di1 + · · · + dik
]+ (−1)nCn−1}
× c1
(
ψ¯
)
c1
(
ξ¯
)k−1
c1(L)
n−k.
However, when n − k < i  n − 1, we get 0  l = n − i − 1 < k − 1, and in this range
Cl = 0. We may then write
snΛ=−
{
n∑
i=0
(
n
i
)
Cn−i−1
[
di1 + · · · + dik
]+ (−1)nCn−1 −C−1}
× c1
(
ψ¯
)
c1
(
ξ¯
)k−1
c1(L)
n−k
=−Kd1,d2,...,dk c1
(
ψ¯
)
c1
(
ξ¯
)k−1
c1(L)
n−k
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whereKd1,d2,...,dk =
n∑
i=0
[
zn−i−1
] zk−1∏k
i=1(1+ diz)
[
di1 + · · · + dik
]
+ (−1)n[zn−1] zk−1∏k
i=1(1+ diz)
− [z−1] zk−1∏k
i=1(1+ di)
= [zn]{∑ki=1(1+ diz)nzk∏k
i=1(1+ diz)
}
+ (−1)n[zn] zk∏k
i=1(1+ diz)
− 0
= [zn−k]{∑ki=1(1+ diz)n∏k
i=1(1+ diz)
}
+ (−1)n[zn−k] 1∏k
i=1(1+ diz)
.
This proves the lemma. ✷
Remark. Since the recursion only involves multiplication and addition, it is clear that the
residue class of K modulo an integer depends only on the residue classes of d1, . . . , dk . We
will use this later.
Suppose now that all the di are equal, say d1 = d2 = · · · = dk = d . Then
C(z)= z
k−1
(1+ dz)k ,
and so it is easy to verify that
Kd,d,...,d = dn−k
{
(−1)k
(
n− 1
n− k
)
+ k
}
.
We have proved the following corollary which we will use extensively:
Corollary 3.3. Let X be an n-dimensional smooth projective variety, and let a smooth
subvariety Y have normal bundle
ν = kLd,
the direct sum of k copies of the d th tensor power of a line bundle L over Y . Then
snΛ= dn−k
{
(−1)k+1
(
n− 1
n− k
)
− k
}
c1
(
ψ¯
)
c1
(
ξ¯
)k−1
c1(L)
n−k.
Recall that our goal is to find smooth projective n-dimensional varieties X such that
sn(X) = ±p if n = pk − 1 and sn(X) = ±1 otherwise, and that to do this we plan on
changing sn(X) by blowing-up along subvarieties. The first result towards this is
Lemma 3.4. Let X be a smooth projective variety of dimension n, and x ∈X. Then
sn(BxX)− sn(X)=
{−(n+ 1) if n is even,
−(n− 1) if n is odd.
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Proof. Let ν = n, the trivial n-plane bundle. Apply the previous lemma with k = n and
d = 1 to obtain
snΛ=
{
(−1)n+1
(
n− 1
0
)
− n
}
c1
(
ψ¯
)
c1
(
ξ¯
)n−1
= {−n+ (−1)n+1}c1(ψ¯)c1(ξ¯)n−1.
So by Lemma 2.4,
sn(BYX)− sn(X)=
〈{−n+ (−1)n+1}c1(ψ¯)c1(ξ¯)n−1,µP(ξ⊕1)〉
= 〈{−n+ (−1)n+1}c1(ξ¯)n−1,µP(ν)〉
=−n+ (−1)n+1. ✷
The following is an existence lemma which guarantees the applicability of the two
lemmas following it.
Lemma 3.5.
(a) Let X ⊂ CPN be a smooth projective n-dimensional subvariety of CPN . Then for
0  m  n there exists a smooth projective codimension m subvariety Y ⊂ X such
that
ν =mγ¯CPN |Y
and 〈
c1
(
γ¯CPN |Y
)n−m
,µY
〉= 〈c1(γ¯CPN |X)n,µX〉.
(b) Let d1, . . . , dk  1 be integers with k < N . Then there exist nonsingular hypersurfaces
Hdi in CPN whose intersection is irreducible and nonsingular of codimension k
in CPN .
Proof. For (a) it suffices inductively to consider the case when m = 1. In this case, take
a general hyperplane section Y of X. By Bertini’s theorem, Y is smooth. The Lefschetz
hyperplane section theorem guarantees that we have only reduced the dimension by 1.
Since the normal bundle of a hyperplane in projective space is the restriction of γ¯CPN , it is
easy to see that the normal bundle of Y in X is γ¯CPN .
For (b), see [3, Exercise 8.4, Chapter 2]. ✷
4. The case n= pk − 1
The next two lemmas, taken together, will give us the ability to increase sn(X) without
it changing modulo n+ 1, when n is even.
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Lemma 4.1. Let X be an irreducible smooth n-dimensional projective variety, and let
Y ⊂X be a smooth codimension 3 subvariety of X with normal bundle ν = 3L, where L
is a complex line bundle over Y . Then
sn(BYX)− sn(X)= 12 (n+ 1)(n− 4)
〈
c1(L)
n−3,µY
〉
.
Proof. We have ν = 3L, so we use k = 3 and d = 1 to obtain
snΛ=
{(
n− 1
n− 3
)
− 3
}
c1
(
ψ¯
)
c1
(
ξ¯
)2
c1(L)
n−3
=
{
1
2
(n− 1)(n− 2)− 3
}
c1
(
ψ¯
)
c1
(
ξ¯
)2
c1(L)
n−3
= 1
2
(n+ 1)(n− 4)c1
(
ψ¯
)
c1
(
ξ¯
)2
c1(L)
n−3.
Thus
sn(BYX)− sn(X)= 12 (n+ 1)(n− 4)
〈
c1(L)
n−2,µY
〉
. ✷
Lemma 4.2. Let X be an irreducible smooth n-dimensional projective variety, and let
Y ⊂ X be a smooth 2-dimensional subvariety of X with normal bundle ν = (n− 2)L for
some complex line bundle L. Then
sn(BYX)− sn(X)=
{− 12 (n+ 1)(n− 2)〈c1(L)2,µY 〉 if n even,
1
2 (n− 2)(n− 3)
〈
c1(L)
2,µY
〉
if n odd.
Proof. We have ν = (n− 2)L, and so use k = n− 2 and d = 1. Then
snΛ=
{
(−1)n−1
(
n− 1
2
)
− (n− 2)
}
c1
(
ψ¯
)
c1
(
ξ¯
)n−3
c1(L)
2.
So,
sn(BYX)− sn(X)=
{
(−1)n−1
(
n− 1
2
)
− (n− 2)
}〈
c1(L)
2,µY
〉
=
{− 12 (n+ 1)(n− 2)〈c1(L)2,µY 〉 if n even,
1
2 (n− 2)(n− 3)
〈
c1(L)2,µY
〉
if n odd. ✷
We now apply the previous two lemmas to show that if n is even we may increase sn(X)
without changing it modulo n+ 1.
Lemma 4.3. Let X be an n-dimensional smooth projective variety with n even. Then there
exists a smooth subvariety Y of X such that
sn(BYX)− sn(X)= k(n+ 1)
for some positive integer k.
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Proof. Embed X as a subvariety of some projective space CPN with embedding i . Let
α = c1(γ¯CPN ), the preferred cohomology generator for projective space. If the fundamental
homology class µX of X is positive with respect to α, i.e., if 〈αn, i∗(µX)〉 is positive, then
apply Lemma 3.5 to get a codimension 3 subvariety Y of X with the normal bundle of Y
in X equal to the restriction of γ¯CPN to Y . Let j denote the embedding of Y in X. Then
apply Lemma 4.1 to get (with ij :Y →CPN the inclusion)
sn(BYX)− sn(X)= 12 (n+ 1)(n− 4)
〈
(ij)∗
(
αn−3
)
,µY
〉
= 1
2
(n+ 1)(n− 4)〈αn−3, (ij)∗(µY )〉
= 1
2
(n+ 1)(n− 4)〈αn−3, α3 ∩ i∗(µX)〉
= 1
2
(n+ 1)(n− 4)〈αn, i∗(µX)〉
which is a positive integral multiple of n+ 1.
The case when µX is negative with respect to α is similar. Use Lemmas 3.5 and 4.2. ✷
Proof of Theorem 1.2, the Case of n= pk − 1, for an odd prime p. Let m be any
integer. We must construct such an n-dimensional variety X with sn(X) = mp. By
a result in [8], the hypersurface Hd of degree d in CPn+1 has sn(Hd) = d(n+ 2 − dn).
For d = pk + mp this is a negative number congruent to mp mod (pk). The blow-
up of a smooth irreducible projective variety along a smooth projective subvariety is
a smooth irreducible projective variety, so by repeatedly applying Lemma 4.3 we can
obtain such a variety X with sn(X) a positive number congruent to mp mod (pk). Now
repeatedly apply Lemma 3.4, to obtain a smooth irreducible projective variety X with
sn(X)=mp. ✷
5. The cases when n is odd
Lemma 5.1. Let n be odd, and suppose a smooth projective variety X is a blow-up along a
point with exceptional fiber E. Let X be obtained from X by blowing-up X along a smooth
connected degree n− 2 hypersurface in E. Then
sn
(X )− sn(X)≡−2 mod (n− 1).
Proof. Let Y be the hypersurface in the statement. Letting γ denote the restriction of the
canonical line bundle over E =CPn−1 to Y , the normal bundle of Y in X is given by
ν = γ¯ n−2 ⊕ γ = γ¯ n−2 + γ¯−1.
As noted before , the residue class of the result depends only on the residue classes of the
exponents, so we may use Lemma 3.2 and Corollary 3.3 with d = d1 = d2 =−1 and k = 2.
Then
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n−2
{ (
n− 1) } ( ) ( ) ( )n−2
snΛ= (−1) (−1)
n− 2 − 2 c1 ψ¯ c1 ξ¯ c1 γ¯
= (n+ 1)c1
(
ψ¯
)
c1
(
ξ¯
)
c1
(
γ¯
)n−2
As before, we evaluate to get
sn
(X )− sn(X)= (n+ 1)〈c1(γ¯ )n−2,µY 〉
= (n+ 1)(n− 2)〈c1(γ¯ )n−1,CPn−1〉
= (n+ 1)(n− 2)
≡−2 mod (n− 1). ✷
Lemma 5.2. Let X be a smooth projective n-dimensional variety with n odd, with X a
blow-up along a point. Let X be obtained fromX by blowing-up alongCP 3 ⊂CPn−1 =E.
Then
sn
(X)− sn(X)= 76n3 − 8n2 − 76n+ 60.
Proof (Hirzebruch [6]). We will apply Lemma 4.3 with
ν = (n− 4)γ¯ 1 + γ¯−1 and k = n− 3.
Then
sn(Λ)=−
[
z3
]{ (n− 4)(1+ z)n + (1− z)n
(1+ z)n−4(1− z)
− (−1)n 1
(1+ z)n−4(1− z)
}
c1
(
ψ¯
)
c1
(
ξ¯
)n−4
c1
(
γ¯
)3
=−K(n)c1
(
ψ¯
)
c1
(
ξ¯
)n−4
c1
(
γ¯
)3
,
where K(n) is a degree 3 integer-valued polynomial in n. Then
sn
(X)− sn(X)=−K(n)〈c1(ψ¯)c1(ξ¯)n−4c1(γ¯ )3,µP(ξ⊕1)〉
=−K(n)〈c1(ξ¯)n−4c1(γ¯ )3,µP(ν)〉
=−K(n)〈c1(γ¯ )3,µCP 3 〉
=−K(n).
The reader may verify that K(0) = −60,K(1) = −52,K(2) = −35, and K(3) = −16,
and that the polynomial
K(n)=−
{
7
6
n3 − 8n2 − 7
6
n+ 60
}
takes the same values. Thus
sn
(X)− sn(X)= 76n3 − 8n2 − 76n+ 60. ✷
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Proof of Theorem 1.2, when n is odd. Let n= 2k − 1, with n > 3, and let m be an even
number. Begin by letting X = CPn, which has an even Milnor genus. By blowing-up a
point and then applying Lemma 5.1 we obtain a variety X with
sn
(X)− sn(X)=−2 mod (n− 1).
By iterating this procedure sufficiently many times, we make the Milnor genus equal to m
modulo n− 1. Suppose we blow-up a point in X and then blow-up along CP 3 contained
in the exceptional fiber to obtain a variety X̂. By Lemma 5.2
sn
(
X̂
)− sn(X)=−(n− 1)+ 76n3 − 8n2 − 76n+ 60
= 7
6
n3 − 8n2 − 13
6
n+ 61.
It is elementary to verify that this number is a positive integer for n  7. Hence by
repeating this process a number of times which is large and congruent to 0 mod (n− 1) we
find a smooth irreducible projective variety X̂ with sn[X̂] = m mod (n− 1) and positive.
Now we may blow-up points in X̂ to lower sn[X̂] to m. This finishes the case when
n= 2k − 1, except when n= 3.
The case n = 2k − 1 has been shown, so we may assume n+ 1 = 2kl, with l odd, and
n not equal to 5. If we wish to find a variety with any even Milnor genus, proceed exactly
as in the case n= 2k − 1. Otherwise, let m be any odd number. It is known that the degree
(1,1) hypersurfaceX in CP 2k ×CPn+1−2k has sn[X] = −
(
n+1
2k
) (see [8]). By Lemma 6.1,
this is an odd number. Now proceed as in the case n= 2k − 1.
6. The general even case
We begin this section with a standard fact:
Lemma 6.1. Let p be a prime, and m a positive integer such that (p,m) = 1. Let α be a
positive integer. Then(
pαm
pα
)
≡m mod (p).
Lemma 6.2. Let p and α be as above and let m be an integer greater than one with
gcd(m,p)= 1. Let n+ 1= pαm. Suppose a smooth n-dimensional projective variety X is
a blow-up along a point with exceptional fiber E. Let k = pαm−pα − 1 and choose k− 1
positive integers d1, d2, . . . , dk−1 each equal to −1 mod (pα). Let Y ⊂ E be a complete,
connected intersection of hypersurfaces Hdi ⊂ E Then sn(BYX) − sn(X) = A is a unit
mod (pα), and is independent of X.
Remark. See Lemma 3.5 for the existence of such a collection of hypersurfaces.
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Proof. Let γ be the restriction to Y of the canonical line bundle over CPn−1. Then the
normal bundle of Y in X is
ν = γ¯ d1 + · · · + γ¯ dk−1 + γ.
As before, we recall that snΛ mod (pα) only depends on the residues of the di , so as long
as we are working with residues we may use
ν = kγ¯−1.
Then by Corollary 3.3 we obtain
snΛ=Ac1
(
ψ¯
)
c1
(
ξ¯
)k−1
c1
(
γ¯
)n−k
where
A= (−1)n−k
{
(−1)k+1
(
n− 1
n− k
)
− k
}
=−
{(
n− 1
k − 1
)
− k
}
=−
{
k(k+ 1)
n(n+ 1)
(
n+ 1
k + 1
)
− k
}
=−
{
(pαm− pα − 1)(pαm− pα)
(pαm− 1)(pαm)
(
pαm
pαm− pα
)
− (pαm− pα − 1)}
=−
{
(pαm− pα − 1)(pαm− pα)
(pαm− 1)(pαm)
(
pαm
pα
)
− (pαm− pα − 1)}
=−
{
(pαm− pα − 1)(m− 1)
(pαm− 1)(m)
(
pαm
pα
)
− (pαm− pα − 1)}
≡−
{
m− 1
m
(
pαm
pα
)
+ 1
}
mod
(
pα
)
Using Lemma 6.1, we see that this is a unit mod (p), hence a unit mod (pα), and does not
depend on X. Now we evaluate on homology to get
sn(BYX)− sn(X)=
〈
Ac1
(
ψ¯
)
c1
(
ξ¯
)k−1
c1
(
γ¯
)n−k
,µP(ξ⊕1)
〉
=A〈c1(γ¯ )n−k,µY 〉
=Ad1 · · ·dk−1
〈
c1
(
γ¯
)n−1
,µCPn−1
〉
=Ad1 · · ·dk−1
≡A(−1)k−1 mod (pα)
≡A mod (pα).
This proves the lemma. ✷
Proof of Theorem 1.2, general even case. Let n + 1 = pα11 pα22 · · ·pαrr . Let m1 =
p
α2
2 · · ·pαrr , and let d be any integer. Let A1 be the unit given in Lemma 6.2 with p = p1,
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α = α1, and m=m1. Using the Chinese Remainder Theorem, choose a positive integer β1
such that
β1 ≡ 0 mod (m1) and
β1A1 ≡ d mod
(
p
α1
1
)
.
Let X =CPn and perform the following procedure β1 times:
(a) Blow-up X along a point.
(b) Apply Lemma 6.2 with p = p1, α = α1, and m=m1.
The resulting variety X has
sn(X)≡
{
d mod pα11 ,
0 mod pαii for i = 1.
Now repeat this procedure for each of the primes pi dividing n+ 1, each time modifying
sn(X)mod (pαii ) nontrivially, so that sn(X)≡ d mod (pαii ), but leaving sn(X) fixed modulo
the other prime powers dividing n+ 1. After this is done, we have constructed a smooth
irreducible projective variety X with sn(X) ≡ d mod (n+ 1) by the Chinese Remainder
Theorem. To finish we use Lemmas 4.3 and 3.4 repeatedly as in the case when n is of the
form pk + 1. ✷
7. The exceptional cases
Let n= 3. Let X = CP 3, with Milnor genus equal to 4. Let m be any even integer. If
we blow-up a point (decreases Milnor genus by 2), and then blow-up along the degree 3
hypersurface in the exceptional fiber (increases Milnor genus by 6), we have a net increase
of 4. We can iterate this so that the Milnor genus is greater than m, and then blow-up along
points, decreasing the Milnor genus by 2 each time, so that it is exactly m.
The final case we will do is when n = 5. To obtain an even number m, we begin with
X = CP 5, which has an even Milnor genus. As in the generic odd case, we may blow-
up along subvarieties, decreasing the Milnor genus by 2 modulo 4 each time, so that the
Milnor genus equals m, modulo 4. Now we can iterate the following two-step blow-up
procedure: (a) blow-up a point (decreases Milnor genus by 4), then (b) blow-up along
a complete intersection of 3 degree 2 hypersurfaces in the exceptional fiber (increases
the Milnor genus by 120). This procedure results in a net increase of 116 to the Milnor
genus. This does not change the Milnor genus modulo 4, so by repeating the procedure
a sufficiently large number of times, we may make the Milnor genus greater than m, but
equal to it modulo 4. Bring the Milnor genus down to exactly m by blowing-up along
points.
Suppose now that we wish to make the Milnor genus equal to an odd number m. By
blowing-upCP 5 along CP 2, and using Corollary 3.3, we see that the resulting variety has
an odd Milnor genus (in fact equal to 6+ 3= 9). Now proceed exactly as when m is even.
This completes the proof of the theorem. ✷
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